Abstract. Let Γ be a non-uniform lattice of PSL(2, C). Given any representation ρ : Γ → PSL(n, C) we can define numerical invariant β n (ρ), called Borel invariant, which remains constant along the PSL(n, C)-conjugancy class of ρ. Additionally this invariant is rigid in the following sense: it holds |β n (ρ)| ≤
n+1
3 Vol(Γ\H 3 ) for every representation ρ : Γ → PSL(n, C) and the equality is attained if and only if the representation ρ is conjugated either to π n • i or to π n • i, where i : Γ → PSL(2, C) is the standard lattice embedding and π n : PSL(2, C) → PSL(n, C) is the irreducible representation.
We extend the notion of Borel invariant to the more general setting of Zimmer's theory of cocycles. More precisely, let (X, µ X ) be a probability space on which Γ acts in a measure-preserving way. Let σ : Γ × X → PSL(n, C) be a measurable cocycle and assume that φ : P 1 (C) × X → F (n, C) is a measurable σ-equivariant map, that means φ(γξ, γx) = σ(γ, x)φ(ξ, x) for every γ ∈ Γ and almost every (ξ, x) ∈ P 1 (C) × X. We define the notion of Borel invariant β n (σ) associated to the cocycle σ and we prove that it holds the same bound which is valid in the classic case. Additionally we show that if the invariant is maximal then the cocycle must be cohomologous either to the one associated to the irreducible representation π n or to its complex conjugated.
Introduction
Rigidity theory is a mathematical subject which has been widely studied so far. One of the most celebrated theorem is Mostow rigidity theorem which states the following. Given two isomorphic lattices Γ 1 and Γ 2 in PO
• (n, 1), with n ≥ 3, there must exist an element g ∈ PO(n, 1) which conjugates them, that means Γ 2 = gΓ 1 g −1 .
Rephrasing this statement in a geometric language, two complete hyperbolic n-manifolds with finite volume and isomorphic fundamentals groups must be isometric. Later this result has been generalized in many different directions. For instance, in [Pra73] Prasad showed that the same statement holds also for torsion-free lattices in rank-one Lie groups of non-compact type. Successively this rigidity phenomenon was extended to lattices of semisimple center-free Lie groups G ∼ = PSL(2, R) without compact factors. The proof for uniform lattices was found by Mostow in [Mos73] , whereas the proof for non-uniform ones is done by Margulis in [Mar75] . Actually Margulis studied more carefully the problem of the extendability of a generic representation ρ : Γ → H of a lattice Γ < G to the whole group G, where G, H are suitable algebraic groups. The outcome of his interest was the Margulis superrigidity theorem, extended later by Zimmer in [Zim84] to the more general context of measurable cocycles.
Even if the original approach in [Mos68] was based on the study of quasi-conformal selfmaps of the sphere S n−1 , there are other several proofs of Mostow rigidity theorem. One of these approaches relies on the study of the bounded cohomology group H n cb (PO(n, 1)). In [BBI13] the authors define the notion of volume Vol(ρ) associated to a representation ρ : Γ → PO(n, 1) of a non-uniform lattice Γ < PO
• (n, 1). They also show that the volume is rigid, that means |Vol(ρ)| ≤ Vol(Γ\H n ) and the equality holds if and only if ρ is conjugated to the standard lattice embedding, which is an equivalent formulation of Mostow rigidity. For sake of completeness we have to say that actually a similar result was proved for representations into PO(m, 1) with m ≥ n ≥ 3 by [FK06] and it remains valid even at ideals points of the PO(m, 1)-character variety (see [FS18] for the case of real lattices and [Sav18] for the cases of complex and quaternionic lattices).
More surprisingly, a similary result can be stated also for representions ρ : Γ → PSL(n, C) when Γ < PSL(2, C) is a torsion-free non-uniform lattice. Indeed in [BBI18] the authors prove that the Borel class β b (n), already introduced and studied in [Gon93] , is a generator for the group H 3 cb (PSL(n, C)). Thus we can use it to define the Borel invariant associated to a representation ρ which satisfies a strong rigidity property. It holds |β n (ρ)| ≤ n+1 3
Vol(Γ\H 3 ) for every representation ρ : Γ → PSL(n, C) and we have the equality if and only if the representation ρ is conjugated either to π n • i or to π n • i, where i : Γ → PSL(2, C) is the standard lattice embedding and π n : PSL(2, C) → PSL(n, C) is the irreducible representation.
In the this paper we define a version of the Borel invariant adapted to the more general context of cocycles theory developed by Zimmer. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice (we are going to focus our attention on non-uniform lattices, but the same results will hold also for uniform ones). Let (X, µ X ) be a probability space on which Γ acts by measure-preserving transformations, or briefly a Γ-space. Consider σ : Γ × X → PSL(n, C) a measurable cocycle and assume that there exists a measurable map φ : P 1 (C) × X → F (n, C) which is σ-equivariant, that means φ(γξ, γx) = σ(γ, x)φ(ξ, x) for every γ ∈ Γ and almost every (ξ, x) ∈ P 1 (C) × X. We are going to define the Borel invariant β n (σ) associated to σ using the boundary map φ. Remarkably the Borel invariant for cocycles will satisfy a rigidity similar to the classic case, as we show in the following Theorem 1.1. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice and consider (X, µ X ) a probability Γ-space. Let σ : Γ ×X → PSL(n, C) be a measurable cocycle. Assume there exists an essentially unique boundary map φ :
and the equality holds if and only if the cocycle is cohomologous to the one induced either by the irreducible representation π n : PSL(2, C) → PSL(n, C) restricted to Γ or by its complex conjugated.
As we can see the statement generalize the ridigity theorem given in [BBI18] . Indeed every representation ρ : Γ → PSL(n, C) determines canonically a cocycle σ ρ and its Borel invariant is equal to the one of the representation ρ.
The proof of the theorem in inspired by the proof of Bader, Furman and Sauer of the 1-tautness of the group PO(n, 1) exposed in [BFS13] . More precisely we are going to show that φ x (·) = φ(·, x) maps almost every maximal ideal tetrahedron to a maximal configurations of flags. By the standard rigidity result, we will get that φ x ∈ PSL(n, C) and the result will follow.
The paper is organized as it follows. The first section is dedicated to preliminary definitions. We recall the notion of bounded cohomology groups for locally compact groups. We remind the definition of Borel invariant and we state its rigidity property. Finally we focus our attention on the Zimmer theory of cocycles. The second section is devoted to the definition of the Borel invariant for cocycles. We show some of its properties and we conclude with the proof on the main rigidity theorem in the last section.
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Preliminary definitions
2.1. Bounded cohomology of locally compact groups. From now until the end of this section let G be a locally compact group. We endow R with the structure of a trivial normed G-module, where the considered norm is the standard Euclidean one. The space of bounded continuous functions is given by 
for every element g ∈ G and every function f ∈ C n cb (G, R) (here the notation g.f stands for the action of the element g on f ). We denote by δ n the homogeneous boundary operator of degree n, namely
where the notationĝ i indicates that the element g i has been cancelled. There is a natural embedding of R into C 0 cb (G, R) given by the constant functions on G. Thanks to this observation we obtain the following chain complex of G-modules
and since the boundary operator δ n is compatible with respect to the G-action, we can consider the submodules of G-invariant vectors
Like in any other chain complex, we define the set of the n th -bounded continuous cocycles as
G and the set of the n th -bounded continuous coboundaries
cb (G, R) := 0. With the setting described above we can now give the following Definition 2.1. The continuous bounded cohomology in degree n of G with real coefficients is the space
where the infimum is taken over all the possible representatives of [f ].
Let now E be a Banach G-module. The continuous submodule of E is defined by
is a resolution of E if it is an exact complex, E 0 = E and E n = 0 for every n ≤ −1. We say
• ) is a particular case of strong resolution of R which enables us to compute the continuous bounded cohomology of the locally compact group G. More generally, we could have used the cohomology of G-invariants of any strong resolutions of R by relatively injective G-modules. Since it would be too technical to introduce here the notion of relatively injective G-module, we prefer to omit it. We refer to [Mon01, Chapter III] for more details about the definitions above and about the functorial characterization of bounded cohomology of locally compact groups. This characterization can be actually extended to a more general setting in order to compute the bounded cohomology of G with coefficients in any Banach G-module E. We will tacitely use it in Proposition 3.1 to compute the bounded cohomology groups with coefficients in a L ∞ -space. We can gain precious information about the bounded cohomology of G also by studying suitable G-actions on measurable spaces. More precisely, let X be a measurable space on which G acts measurably, that is the action map θ : G × X → X is a measurable map (G is equipped with the Haar σ-algebra). We set
and we endow it with the structure of Banach G-module given by
for every g ∈ G and every f ∈ B ∞ (X n , R). Here R has the trivial
is the standard homogeneous coboundary operator, for n ≥ 1 and δ 0 : R → B ∞ (X, R) is the inclusion given by constant functions, we get a cochain complex
the Banach G-submodule of alternating cochains, that is the set of elements satisfying
In [BI02, Proposition 2.1] the authors prove that the complex of bounded measurable functions (B ∞ (X • , R), δ • ) gives a strong resolution for the real coefficients R. Since the homology of any strong resolution of the trivial Banach G-module R maps naturally to the continuous bounded cohomology of G by [BM02, Proposition 1.5.2.], there exists a canonical map
. . , n. Let F (n, C) be the space which parametrizes all the possible complete flags of C n . This is a complex variety which can be thought of as the quotient of PSL(n, C) by any of its Borel subgroups. In particular there is a measurable PSL(n, C)-action on F (n, C).
By following [Gon93] , in [BBI18] the authors prove that there exists a measurable cocycle
which is defined everywhere, PSL(n, C)-invariant and bounded by n+1 3 ν 3 . Here ν 3 denotes the volume of any positively oriented regular ideal tetrahedron of H 3 . We are going to recall briefly the definition of this cocycle. Define the set
where GL(m, C) acts on (k +1)-tuples of vectors by the diagonal action and x 0 , . . . x k is the C-linear space generated by x 0 , . . . , x k . When k < m − 1 the space defined above is obviously empty. For every mdimensional vector space V over C and any (k + 1)-tuple of spanning vectors (x 0 , . . . , x k ) ∈ V k+1 , we fix an isomorphism V → C m . Since any two different choices of isomorphisms are related by an element g ∈ GL(m, C), we get a well-defined element of S k (m) which will be denoted by [V ; (x 0 , . . . , x k )]. We set
Since the hyperbolic volume function Vol : P 1 (C) 4 → R can be thought of as defined on (C 2 \ {0}) 4 , it is extendable to Vol : S 3 → R where we set Vol|S 3 (m) to be identically zero if m = 2 and
The function above is the key tool that we use to define a cocycle on the space F aff (n, C) 4 of 4-tuples of affine flags. An affine flag (F, v) of C n is a complete flag F together with a decoration
for every i = 1, . . . n. Given any 4-tuple of affine flags F = ((F 0 , v 0 ) , . . . , (F 3 , v 3 ) ) of C n and a multi-index J ∈ {0, . . . , n − 1} 4 , we set
which is an element of S 3 . With the previous notation, we define the cocycle B n as
This function does not depend on the decorations v 0 , . . . , v 3 and hence it descends to the desired cocycle defined on 4-tuples of flags (see [BBI18] for more details). As a consequence of [BI02, Proposition 2.1], it determines naturally a bounded cohomology class in H 3 cb (PSL(n, C)), which we are going to denote by β b (n). , C) ) is a one-dimensional real vector space generated by the bounded Borel class and this generalizes a previous result by Bloch for PSL(2, C) exposed in [Blo00] .
Since we are going to use it later, we recall the main rigidity property of the Borel cocycle. Denote by V n : P 1 (C) → F (n, C) the Veronese map. This map is an embedding of the complex projective line into the space of complete flags F (n, C) and its definition is the following. Let V n (ξ) i be the i-dimensional space of the flag V n (ξ). If ξ has homogeneous coordinates [x : y], the (n − i)-dimensional subspace V n (ξ) n−i has a basis given by 0, . . . , 0,
where the first are k zeros and the last are n − i − k − 1 zeros, for k = 0, . . . , n − 1 − i.
Definition 2.3. Let (F 0 , . . . , F 3 ) ∈ F (n, C) 4 be a 4-tuple of flags. We say that the 4-tuple is maximal if
Maximal flags can be described in terms of the Veronese embedding. More precisely, [BBI18, Theorem 19] shows that if a 4-tuple of flags (F 0 , . . . , F 3 ) is maximal, then there must exists an element g ∈ PSL(n, C) and a regular ideal tetrahedron with vertices (ξ 0 , . . . , ξ 3 ) ∈ P 1 (C) 4 such that
for every i = 0, . . . , 3. The tetrahedron (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) will be positively or negatively oriented according to the sign of the number B n (F 0 , . . . , F 3 ). More generally, this rigidity result can be extended to the context of measurable maps, as stated in [BBI18, Proposition 29]. Given a measurable map ϕ : P 1 (C) → F (n, C) such that (ϕ(ξ 0 ), . . . , ϕ(ξ 3 )) is a maximal configuration of flags for almost every regular ideal tetrahedron (ξ 0 , . . . , ξ 3 ) ∈ P 1 (C) 4 , there must exist an element g ∈ PSL(n, C) such that gϕ(ξ) = V n (ξ),
for every ξ ∈ P 1 (C). We will use this statement in the proof of the main theorem.
2.3. Basic aspect of cocycles theory. We briefly report here the main definitions about measurable cocycles we will need in the paper. For a more detailed study of cocycles theory we refer mainly either to [Fur81] or to Zimmer's book [Zim84] .
Let G, H be two locally compact second countable groups (in our context they will be both Lie groups). Let (X, µ) be a measured G-space. A measurable function σ : G × X → H is a cocycle (or measurable cocycle) if the map σ : G → Meas(X, H) is continuous and it holds σ(g 1 g 2 , x) = σ(g 1 , g 2 x)σ(g 2 , x) for every g 1 , g 2 ∈ G and almost every x ∈ X. The symbol Meas(X, H) denotes the space of measurable maps with its natural topology. The cocycle will be called strict if the equation above holds actually for every x ∈ X.
If we were speaking about representations, we would say that two representations ρ 1 and ρ 2 are equivalent if they were conjugated. Similarly we will say that two cocycles σ 1 and σ 2 are equivalent or cohomologous if there exists a measurable function f : X → H such that
for every g ∈ G and almost every x ∈ X. Another key ingredient in our exposition will be the notion of boundary map. Let σ : G × X → H be a measurable cocycle. For sake of simplicity we will assume that both G and H are two semisimple Lie groups of non-compact type. Denote by B(G) and B(H) the Furstenberg-Poisson boundaries associated to G and H, respectively (B(G) is usually identified with G/P , where P < G is a minimal parabolic subgroup). A boundary map φ : B(G) × X → B(H) is a measurable map which is σ-equivariant, that means φ(gξ, gx) = σ(g, x)φ(ξ, x) for every g ∈ G and almost every ξ ∈ B(G) and x ∈ X. The existence and the uniqueness of such a map is well studied in [Fur81] .
For our purposes we conclude by writing down how to get a cocycle starting from a representation ρ : G → H. We set
and we call it the cocycle associated to the representation.
The Borel invariant for Zimmer cocycles
Let Γ be a non-uniform lattice of PSL(2, C) without torsion and define M := Γ\H 3 . Fix a probability space (X, µ X ) on which Γ acts by measure-preserving transformations. We are going to call X a probability Γ-space. Let σ : Γ × X → PSL(n, C) be a measurable cocycle. If σ were a represention we could easily speak about the pullback map at the level of bounded cohomology. From now until the end of the paper we are going to assume that there exists an essentially unique measurable map φ : P 1 (C) × X → F (n, C) which is σ-equivariant, that means φ(γξ, γx) = σ(γ, x)φ(ξ, x) for every γ ∈ Γ and almost every (ξ, x) ∈ P 1 (C) × X. This precisely means that φ is a boundary map. We would like to underline that existence of such a map relies on the property of proximality analyzed in [Fur81] .
We are going to compute the pullback of the Borel cocycle along φ. More precisely, following [BFS13, Proposition 4.2], we have Proposition 3.1. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice of PSL(2, C) and let (X, µ X ) be a probability Γ-space. Consider σ : Γ × X → PSL(n, C) be a measurable cocycle. Assume that there exists an essentially unique boundary map φ for σ. For every k ∈ N there exists a natural map
In particular, given a cocycle c ∈ B ∞ (F (n, C) n+1 , R) PSL(n,C) , we get back a class φ * ([c]) through the well-defined map
Proof. As a consequence of the definition of the map φ * we get a chain map and hence the cocycle condition is preserved. We need only to show that given a PSL(n, C)-invariant cocycle, its image is Γ-invariant.
Let γ ∈ Γ. We have
and the statement now follows.
Remark 3.2. In the proposition above we tacitely used the fact that the Γ-invariant subcomplex of the resolution L w
, we can consider the map
given by the integration on X to get back a real-valued cocycle. In particular this is a chain map and it naturally descends at a cohomological level. In this way we can define the class I X (α). We are going to denote by φ * I := I X • φ * the composition of the integration with the pullback map. With an abuse of notation, we are going to use the same symbol to denote also the induced map in cohomology, that means
. We now recall some basic properties of the manifold M. As a consequence of Margulis lemma we can decompose
where N is any compact core of M and for every i = 1, . . . , h the component C i is a cuspidal neighborhood diffeomorphic to T i × (0, ∞), where T i is a torus whose fundamental group corresponds to a suitable abelian parabolic subgroup of PSL(2, C).
be the natural inclusion map. Since the fundamental group of the boundary ∂N is abelian, hence amenable, it can be proved that the maps i * (N, ∂N) , we can consider the composition
where we identified H (N, ∂N) we are ready to give the following Definition 3.3. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice and let (X, µ X ) be a probability Γ-space. The Borel invariant associated to a measurable cocycle σ : Γ×X → PSL(n, C) with boundary map φ :
, where B n is the Borel cocycle and the brackets ·, · indicate the Kronecker pairing.
It is possible to show that the definition of the Borel invariant β n (ρ) does not depend on the choice of the compact core N.
It should be clear that this notion generalizes the Borel invariant for representations. Indeed it holds Proposition 3.4. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice. Let ρ : Γ → PSL(n, C) be a representation and assume that there exists an essentially unique measurable map ϕ : P 1 (C) → F (n, C) which is ρ-equivariant. Then we have
where σ ρ is the canonical cocycle associated to ρ.
Proof. Fix a probability Γ-space (X, µ X ). Recall that the cocycle σ ρ is defined by
Similarly we get a σ ρ -invariant map using the equivariant map ϕ by putting φ :
Since we considered a probability measure on X and the image φ(ξ, x) does not depend on the second variable, we have that φ * I (B n ) = ϕ * (B n ), and the latter is a natural choice of a representative for the class ρ * b (β b (n)) as explained in [BM02] . To sum up, we have
It is well known that the Borel invariant for representations is constant along the PSL(n, C)-conjugancy classes and hence it naturally descends on the character variety X(Γ, PSL(n, C)). It seems quite natural to ask if the extension of the Borel invariant to cocycles satisfies a similar property. We have indeed the following Proposition 3.5. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice and consider a probability Γ-space (X, µ X ). Let σ : Γ × X → PSL(n, C) be a measurable cocycle with essentially unique boundary map φ : P 1 (C) × X → F (n, C). The Borel invariant β n (σ) is constant along the cohomology class of σ, that is β n (σ) = β n (σ f ) for every measurable function f : X → PSL(n, C).
Proof. Let f : X → PSL(n, C) be a measurable function. By definition we can twist the cocycle σ using f as it follows
Clearly we get a boundary map associated to σ f by setting
It is easy to check that φ f is the desired σ f -equivariant boundary map. Now the fact that β n (σ f ) = β n (σ) follows easily by the PSL(n, C)-invariance of the Borel cocycle B n . Indeed we have actually φ * (B n ) = (φ f ) * (B n ) and this concludes the proof.
Remark 3.6. A direct consequence of both Proposition 3.4 and Proposition 3.5 is that every cocycle which is cohomologous to the one induced by the restriction of the irreducible representation to Γ has maximal Borel invariant, that is
By suitably changing the sign, the same result holds for the restriction of the complex conjugatedπ n . Now we want to prove the key estimate for the Borel invariant. Before starting, we recall the existence of natural transfer maps (PSL(2, C) ) denotes the continuous cohomology groups of PSL(2, C). For a more detailed description of the maps above we suggest to the reader to check [BBI13, Section 3.2].
We remind that the continuous cohomology groups of a locally compact group G are constructed as the continuous bounded cohomology groups just by dropping the requirement of boundedness of cochains.
The transfer maps are defined as it follows. Let V k be the set C b ((H 3 ) k+1 , R) of real bounded continuous functions on (k + 1)-tuples of points of H 3 . With the standard homogeneous boundary operators and the structure of Banach PSL(2, C)-module given by
•+1 , R) of Banach PSL(2, C)-modules that allows us to compute the continuous bounded cohomology of PSL(2, C). More precisely, it holds , C) ) for every k ≥ 0. Moreover, by substituting PSL(2, C) with Γ, we have in an analogous way that
The previous considerations allow us to define the map
where c is any Γ-invariant element of V k and µ is any invariant probability measure on Γ\PSL(2, C). Hereḡ stands for the equivalence class of g into Γ\PSL(2, C).
Since trans Γ (c) is PSL(2, C)-equivariant and trans Γ commutes with the coboundary operator, we get a well-defined map
We now pass to the description of the map τ DR . If π : H 3 → M = Γ\H 3 is the natural covering projection, we set U := π −1 (M \ N). 
where µ andḡ are the same as before. The map τ DR commutes with the coboundary operators inducing a map , C) ). Proposition 3.7. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice and let σ : Γ × X → PSL(n, C) be a measurable cocycle. Assume that σ admits an essentially unique boundary map φ :
Proof. Recall that we have the following commutative diagram
Rigidity of the Borel invariant for cocycles
The following section is devoted to the proof of Theorem 1.1. Before starting the proof we want to express explicitly the Borel invariant in terms of boundary maps. The following result is similar to [BBI18, Equation 15 ].
Proposition 4.1. Let Γ < PSL(2, C) be a torsion-free non-uniform lattice and consider a (X, µ X ) probability Γ-space. Consider σ : Γ × X → PSL(n, C) be a measurable cocycle with essentially unique boundary map φ : P 1 (C) × X → F (n, C). If we define M := Γ\H 3 we have that (1) Γ\PSL(2,C) X B n (φ(ḡξ 0 , x), . . . , φ(ḡξ 3 , x))dµ X (x)dµ Γ\G (ḡ) = β n (σ) Vol(M) Vol(ξ 0 , . . . , ξ 3 ),
for almost every (ξ 0 , . . . , ξ 3 ) ∈ P 1 (C) 4 . The measure µ Γ\G is the normalized measure induced by the Haar measure on PSL(2, C).
Proof. By the proof of Proposition 3.7 we know that it holds Vol. Hence Equation (2) holds for cocycles and Equation (1) follows.
We are now ready to prove the main theorem.
Proof of Theorem 1.1. We start pointing out Equation (2) holds actually for every (ξ 0 , . . . , ξ 3 ) ∈ P 1 (C) 4 by an argument similar to the one exposed in the proof of [BBI13, Proposition 4.2]. Assume now that |β n (σ)| = 1 6 n(n 2 − 1)Vol(M).
Up to composing with the complex conjugation, we can assume that the equality above holds without the absolute value. Consider (ξ 0 , . . . , ξ 3 ) ∈ P 1 (C) 4 vertices of a regular ideal tetrahedron positively oriented. For every x ∈ H 3 define φ x : P 1 (C) → F (n, C), φ x (ξ) := φ(ξ, x).
As a consequence of Proposition 4.1 and of the maximality of β n (σ) we have that Γ\PSL(2,C) X B n (φ x (ḡξ 0 ), . . . , φ x (ḡξ 3 ))dµ X (x)dµ Γ\G (g) = 1 6 n(n 2 −1)ν 3 , where ν 3 is the maximal volume of the tetrahedron (ξ 0 , . . . , ξ 3 ). The equation above implies that for almost every x ∈ X and almost every g ∈ Γ\PSL(2, C) it holds B n (φ x (ḡξ 0 ), . . . , φ x (ḡξ 3 )) = 1 6 n(n 2 − 1)ν 3
and by the σ-equivariance of φ the equality can be extended to almost every x ∈ X and almost every g ∈ PSL(2, C). The same equality will hold also if (ξ 0 , . . . , ξ 3 ) are vertices of a regular ideal tetrahedron which is negatively oriented. By the previous argument for almost every x ∈ X the measurable map φ x satisfies the hypothesis of [BBI18, Proposition 29] and hence there must exists f (x) ∈ PSL(n, C) such that φ x (ξ) = f (x)V n (ξ), where V n : P 1 (C) → F (n, C) is the Veronese embedding. By the equivariance of the Verenose embedding with respect to the irreducible representation π n , for every γ ∈ Γ we have that φ γx (γξ) = f (γx)V n (γξ) = f (γx)π n (γ)V n (ξ) and by the equivariance of σ it holds at the same time φ γx (γξ) = σ(γ, x)φ x (ξ) = σ(γ, x)f (x)V n (ξ).
The equations above imply π n (γ) = f −1 (γx)σ(γ, x)f (x), and the theorem is proved.
